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We construct a consistent theory of a quantum massive Weyl field. We start with the formulation
of the classical field theory approach for the description of massive Weyl fields. It is demonstrated
that the standard Lagrange formalism cannot be applied for the studies of massive first-quantized
Weyl spinors. Nevertheless we show that the classical field theory description of massive Weyl
fields can be implemented in frames of the Hamilton formalism or using the extended Lagrange
formalism. Then we carry out a canonical quantization of the system. The independent ways
for the quantization of a massive Weyl field are discussed. We also compare our results with the
previous approaches for the treatment of massive Weyl spinors. Finally the new interpretation of
the Majorana condition is proposed.
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I. INTRODUCTION
Majorana particles are known to play an important
role in the modern theoretical physics, especially in the
studies of neutrinos. The most natural mechanism for
the neutrino mass generation requires that neutrinos are
Majorana particles [1, 2]. Although presently there is no
universally recognized experimental results casting light
upon the nature of neutrinos, the attempts are made to
investigate whether neutrinos are Dirac or Majorana par-
ticles [3, 4]. Besides elementary particles physics, Majo-
rana fields can be encountered in the solid states physics.
For example, vortices at the interface between an s-wave
superconductor and the surface of a topological insulator
behave like Majorana particles [5].
It is well known that instead of dealing with a four
component spinor ψ satisfying the Majorana condition,
ψc = iγ2ψ∗ = κcψ, (1.1)
the dynamics of a Majorana particle can be re-formulated
in terms of the two component Weyl spinors. Here κc is
a phase factor having the unit absolute value. In our
analysis we shall suppose that κc = 1. We shall use
the chiral representation of spinors, in which the Dirac
matrices, γµ = (γ0,γ), have the form [6],
γ0 =
(
0 −I
−I 0
)
, γ =
(
0 σ
−σ 0
)
, (1.2)
where I is the 2 × 2 unit matrix and σ are the Pauli
matrices.
The wave equations for the Weyl spinors, η and ξ, have
the form,
η˙ − c(σ∇)η + mc
2
~
σ2η
∗ = 0, (1.3)
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or
ξ˙ + c(σ∇)ξ − mc
2
~
σ2ξ
∗ = 0, (1.4)
where m is the mass of the particle, c is the speed of
light, and ~ is the Planck constant. Note that Eqs. (1.3)
and (1.4) can be formally derived from the Dirac equa-
tion,
i~
∂ψ
∂t
= −i~c(α∇)ψ +mc2βψ, (1.5)
if we suggest that a four component spinor has the form
ψTη = (iσ2η
∗, η) or ψTξ = (ξ,−iσ2ξ∗), which satisfy
the Majorana condition (1.1). The Dirac matrices in
Eq. (1.5) read
α = γ0γ =
(
σ 0
0 −σ
)
, (1.6)
and β = γ0, cf. Eq. (1.2). In the following we will use
the natural units in which ~ = c = 1.
Note that we presented the heuristic derivation of
Eqs. (1.3) and (1.4) from Eq. (1.5). In our analysis we
shall just postulate the main Eqs. (1.3) and (1.4) for the
two component Weyl fields.
It should be noticed that the description of Majorana
particles in terms of the Weyl spinors is more suitable
since the electroweak interaction of elementary particles
involves the chiral projections of four component spinors,
ψL,R = (1∓ γ5)/2×ψ, which are equivalent to the Weyl
fields η and ξ. Here
γ5 =
(
I 0
0 −I
)
. (1.7)
Despite the equal significance of Eqs. (1.3) and (1.4),
the former one is more frequently used for the descrip-
tion of a massive Majorana neutrino since it was experi-
mentally established that active neutrinos correspond to
2left-handed fields [7]. That is why we will be mainly in-
terested in Eq. (1.3) for η. Note that the unitary equiva-
lence of Majorana and Weyl fields was rigorously proved
in Ref. [8].
Before we proceed a remark should be made on the
classical field theory description of a spinor field. The
Dirac equation (1.5) contains the Planck constant ~.
Therefore, besides the case of massless fermions, this
wave equation always corresponds to a quantum parti-
cle. However one can treat the wave function ψ as a
c-number object and describe its dynamics in frames of
the classical field theory. We will call such a field as clas-
sical or first-quantized. One may speak about a quan-
tized fermion field when ψ is expressed in terms of the
creation and annihilation operators. This terminology is
borrowed from the book by Bogoliubov & Shirkov [9].
Despite the numerous works devoted to the analysis of
Eq. (1.3) are published, still there is a gap in the under-
standing of the dynamics of Weyl fields. When one tries
to substitute a Majorana spinor ψη in the Lagrangian for
a Dirac field, L = ψ¯η(iγµ∂µ −m)ψη, one arrives to the
following Lagrangian for a Weyl field [8]:
L = iη†(σµ∂µ)η − i
2
mηTσ2η +
i
2
mη†σ2η
∗, (1.8)
where σµ = (I,−σ). We, however, notice that the mass
term in Eq. (1.8) vanishes if the spinor η has commut-
ing c-number components, i.e. when η is a classical field
in our terminology. The solution to this problem was
proposed in Ref. [10], where it was suggested that on a
classical level a massive Weyl spinor must be described
using anticommuting Grassmann variables (g-numbers).
Thus according to Ref. [10] there is no description of mas-
sive Weyl particles in terms of the first-quantized fields.
However this point of view is in the contradiction with
the operator formalism which is commonly used in the
quantization of fields [11].
The g-numbers approach to the treatment of massive
Weyl fields was recently criticized in Ref. [12]. To con-
struct the c-number treatment of Majorana particles the
authors of Ref. [12] had to introduce special Majorana
fields, called Eigenspinoren des LadungsKonjugationsOp-
erators (ELKO), which belong to non-standard Wigner
classes. The connection of ELKO to the dark matter
problem was also studied in Ref. [12].
In the present work we develop a treatment of massive
Weyl fields which is based on the standard operator ap-
proach for the quantization of fields. Firstly, in Sec. II,
we analyze the applicability of the standard Lagrange
formalism for the description of massive c-number Weyl
spinors. Then we propose a classical Hamiltonian for
a massive first-quantized Weyl field. The wave equa-
tions (1.3) and (1.4) are derived on the basis of this
Hamiltonian using the standard variational procedure.
We also show that the extended Lagrange formalism is
valid for the description of the evolution of classical mas-
sive Weyl fields. Then, in Sec. III, we carry out the
canonical quantization of a massive Weyl field. We find
the plane wave solutions of the wave equations for Weyl
fields and calculate their energy using the Hamiltonian
proposed. The requirement of the positive definiteness of
the energy results in the establishment of the anticom-
mutation expressions for the field amplitudes which turn
out to be operators now. The independent ways of the
quantization of a Weyl field are also considered. Finally,
in Sec. IV, we discuss our results.
As we mentioned above the most prominent candidates
among fermions to be described in terms of Majorana
fields are neutrinos. It was experimentally proven that
neutrinos are mixed particles (see Refs. [13, 14] devoted
to the recent achievements in the direct measurement of
the mixing angle θ13), whereas the present work is de-
voted to the description of a single free Weyl field. Nev-
ertheless the results of our work can be easily general-
ized to include several neutrino generations. Note that
the evolution of mixed massive Dirac and Majorana neu-
trinos was studied in frames of the relativistic quantum
mechanics (or classical field theory) to phenomenologi-
cally describe neutrino oscillations in vacuum and vari-
ous external fields (see the review by Dvornikov [15] and
references therein).
II. CLASSICAL FIELD THEORY
To start with the development of the classical field
theory approach for the description of the massive first-
quantized Weyl field η we notice that the standard La-
grange formalism does not seem to be a suitable tool for
this purpose. The relativistic Euler-Lagrange equation
for the field η has the form,
∂
∂t
∂L
∂η˙
+∇ ∂L
∂∇η =
∂L
∂η
, (2.1)
and the analogous equation for η∗. We can see that ow-
ing to the Lorentz invariance the terms containing the
Lagrangian’s derivatives with respect to η˙ and ∇η enter
to Eq. (2.1) in a symmetric way.
Now we rewrite Eq. (1.3) in the equivalent form,
σ2η˙ − σ2(σ∇)η +mη∗ = 0. (2.2)
Let us discuss two limiting cases: (i) only time depen-
dent spinor, ∇η = 0; and (ii) only coordinate dependent
spinor, η˙ = 0. Now one can see that in the former case the
time derivative term in Eq. (2.2) is connected to the mass
term through the anti-symmetric matrix σ2. A classical
Lagrangian for such a dynamic equation was discussed
in Ref. [16]. It should have a kinetic term involving a
symplectic two-form. The corresponding evolution equa-
tion may be obtained using Eq. (2.1) with the follow-
ing Lagrangian: Lt = 12 η˙Tσ2η − 12 η˙†σ2η∗ − mη†η. On
the contrary, in the latter case the coordinate derivatives
term is connected to the mass term in Eq. (2.2) through
the symmetric matrices σ2σ. It means that a classical
Lagrangian to obtain such a differential equation should
3be expressed as Ls = −η†σ2(σ∇)η + m2 (η†η∗ + ηTη), cf.
Eq. (2.1). The derivatives term of this Lagrangian is a
bilinear form with the symmetric matrix.
Now, if one tries to construct a Lagrangian for the gen-
eral case when neither ∇η nor η˙ are equal to zero, one
notices that it is impossible to reconcile the structure of
Eq. (2.2) with the relativistic invariant Eq. (2.1) in case of
a c-number spinor η. Indeed varying the Lagrangian Lt,
according to Eq. (2.1), with respect to η we get a differ-
ential equation for η. However, if we vary the Lagrangian
Ls with respect to η we obtain a differential equation for
η∗. Thus a general classical Lagrangian, bilinear in fields
η and η∗, is unlikely to be constructed.
The above heuristic discussion shows that the standard
Lagrange formalism cannot be applied for the studies of
massive classical (first-quantized) Weyl fields. However,
the Lagrange formalism is not a unique way to obtain a
wave equation with help of a variational procedure. We
can instead discuss a Hamilton approach for the stud-
ies of massive classical Weyl fields. Let us consider the
following Hamiltonian:
H [η, η∗, pi, pi∗] =
∫
d3r
{
piT(σ∇)η − (η∗)T(σ∇)pi∗
+m
[
(η∗)Tσ2pi + (pi
∗)Tσ2η
] }
, (2.3)
which is a functional of independent canonical variables
(η, pi) and (η∗, pi∗). Taking into account that the parti-
cle’s mass, m, must be a real parameter, we get that H
is also real as it should be for a classical Hamiltonian.
Using the classical field theory version of the canonical
Hamilton equations,
η˙ =
δH
δpi
= (σ∇)η −mσ2η∗,
η˙∗ =
δH
δpi∗
= (σ∗∇)η∗ +mσ2η, (2.4)
we obtain Eq. (1.3) for a massive Weyl field. With help
of the second pair of the canonical equations,
p˙i =− δH
δη
= (σ∗∇)pi +mσ2pi∗,
p˙i∗ =− δH
δη∗
= (σ∇)pi∗ −mσ2pi, (2.5)
one gets the equations for the canonical momenta. If we
introduce the new variables ξ = iσ2pi and ξ
∗ = iσ2pi
∗,
Eq. (2.5) becomes equivalent to Eq. (1.4) for ξ.
Note that Eq. (2.4) for “coordinates” does not contain
momenta and vice versa. Thus two groups of variables
(η, η∗) and (pi, pi∗) evolve in time independently. It means
that one cannot find the relation between the canonical
momenta and the “velocities”, η˙ and η˙∗, to construct a
Lagrangian [17]. This fact will be discussed in Sec. IV in
details.
Despite that no conventional Lagrange formalism can
be applied for the description of our system, we can con-
struct an extended Lagrangian, L˜, which also includes
the momenta, pi and pi∗, as well as their time derivatives,
p˙i and p˙i∗, as independent variables. Let us choose the
extended Lagrangian as [16]
L˜ =piTη˙ + (pi∗)Tη˙∗ − 1
2
[
piT(σ∇)η − (η∗)T(σ∇)pi∗]
−m [(η∗)Tσ2pi + (pi∗)Tσ2η] . (2.6)
Varying this Lagrangian with respect to η or η∗ and us-
ing Eq. (2.1), we get the wave equations for pi or pi∗,
cf. Eq. (2.5). Making the same variational procedure
with the independent variables pi or pi∗ one can repro-
duce Eq. (2.4). Again we can see that two groups of
variables, (η, η∗) and (pi, pi∗), evolve independently.
It should be noted that the extended Lagrangian L˜ is
not equal to L˜′ = piTη˙ + (pi∗)Tη˙∗ − H, where H is the
Hamiltonian density, as one can expect from the standard
approach [18]. In fact there is an additional factor 1/2
in the spatial derivatives term in Eq. (2.6). One can say
that the evolution of the system, based on Eq. (2.6), is
an extended Lagrange dynamics in the analogy to the
extended Hamilton formalism [18].
III. QUANTIZATION
Using the results of Ref. [8] we find the plane wave
solutions of Eqs. (1.3) and (1.4) in the following form:
η(x) =
1
2
∫
d3p
(2pi)3/2
√
1 +
E
|p|
×
[(
a−w− − m
E + |p|a+w+
)
e−ipx
+
(
a∗+w− +
m
E + |p|a
∗
−w+
)
eipx
]
,
ξ(x) =
i
2
∫
d3p
(2pi)3/2
√
1 +
E
|p|
×
[(
b+w+ +
m
E + |p|b−w−
)
e−ipx
+
(
b∗−w+ −
m
E + |p|b
∗
+w−
)
eipx
]
, (3.1)
where pµ = (E,p), E =
√
p2 +m2 is the energy of a
particle, and wσ, σ = ±, are the helicity amplitudes.
Here we list some of their useful properties,
(σp)wσ = σ|p|wσ , iσ2w∗σ = −σw−σ,
wσ(−p) = iw−σ(p). (3.2)
We can choose wσ in the explicit form as [19]
w+ =
(
e−iφ/2 cos θ/2
eiφ/2 sin θ/2
)
,
w− =
( −e−iφ/2 sin θ/2
eiφ/2 cos θ/2
)
, (3.3)
4where φ and θ are the angles giving the di-
rection of the momentum of a particle, p =
|p|(sin θ cosφ, sin θ sinφ, cos θ).
In the classical field theory [15], the expansion coeffi-
cients a±(p) and b±(p) were supposed to be c-number
functions. However now we assume that these objects
are commuting or anticommuting operators. The type of
statistics will be chosen to provide the positive definite-
ness of the energy. It should be also noted that we take
the different kinds of operators in the decomposition of
η and ξ since, as we mentioned above, these fields evolve
independently.
On the basis of Eqs. (2.3), (3.1), and (III), after a
bit lengthy but straightforward calculations we get the
Hamiltonian expressed in terms of the operators a±(p)
and b±(p) and their conjugate,
H =
1
4
∫
d3pE
(
1 +
E
|p|
){{
a∗−(p)b−(p) + b
∗
−(p)a−(p)− a+(p)b∗+(p)− b+(p)a∗+(p)
+
(
m
E + |p|
)2 [
a−(p)b
∗
−(p) + b−(p)a
∗
−(p)− a∗+(p)b+(p)− b∗+(p)a+(p)
] }
+ i
m
|p|
{
e−2iEt [a−(p)b−(−p) + b−(−p)a−(p) + b+(−p)a+(p) + a+(p)b+(−p)]
+ e2iEt
[
a∗−(p)b
∗
−(−p) + b∗−(−p)a∗−(p) + b∗+(−p)a∗+(p) + a∗+(p)b∗+(−p)
] }}
. (3.4)
Now we establish the following relation between the in-
dependent operators a±(p) and b±(p):
a±(p) = b±(p), (3.5)
and the analogous expression for the conjugate operators.
We will choose the operators a±(p) as the basic ones and
assume that they obey the anticommutation relations,
{aσ(k); a∗σ′ (p)}+ = δσσ′δ3(k− p), (3.6)
with all the other anticommutators being equal to zero.
In this case the time dependent terms in Eq. (3.4) are
washed out. Using Eqs. (3.5) and (3.6) we can recast
Eq. (3.4) into the form
H =
∫
d3pE(a∗−a− + a
∗
+a+) + divergent terms, (3.7)
which shows that the total energy of a Weyl field is a sum
of the energies of elementary oscillators corresponding to
the negative and the positive helicity states.
In the canonical formalism the total momentum of our
system can be calculated using the expression,
P =
∫
d3r
[
(η∗)T∇pi∗ − piT∇η] , (3.8)
which is obtained by the spatial integration of the T i0
component of the energy-momentum tensor T µν. Omit-
ting the detailed calculations and with help of Eqs. (3.1),
(III), (3.5), and (3.6) we get the following formula for the
quantized momentum of the Weyl field:
P =
∫
d3pp(a∗−a− + a
∗
+a+) + divergent terms, (3.9)
which has the analogous structure as Eq. (3.7).
There is, however, another way to quantize a Weyl
field. Instead of Eq. (3.5) we may choose the following
relation between the operators:
a±(p) = b∓(p), (3.10)
with the condition (3.6) still being held true for the op-
erators a±. In this case the time dependent terms in
Eq. (3.4) are also equal to zero. To diagonalize the re-
maining time independent expression in Eq. (3.4) we in-
troduce the new operators c± by means of the Bogoliubov
transformation,
a− =
1√
2
(c− − c∗+), a+ =
1√
2
(c− + c
∗
+). (3.11)
One can check by a direct calculation that the new oper-
ators also satisfy the canonical anticommutation proper-
ties: {cσ(k); c∗σ′ (p)}+ = δσσ′δ3(k − p), etc. Finally, the
secondly quantized Hamiltonian is expressed as
H =
∫
d3pE(c∗−c− + c
∗
+c+) + divergent terms. (3.12)
One can also show that, after the quantization in terms
of the operators c±, the total momentum takes the form,
P =
∫
d3pp(c∗−c− + c
∗
+c+) + divergent terms. (3.13)
We can see that Eqs. (3.12) and (3.13) have the same
structure as Eqs. (3.7) and (3.9) respectively.
IV. SUMMARY AND DISCUSSION
In summary we mention that in the present work we
have carried out a consistent canonical quantization of
5a massive Weyl field. Two major results have been ob-
tained.
Firstly, in Sec. II, we have constructed a classical field
theory approach for the description of the massive Weyl
field dynamics. The classical field theory was applied in
the form of the canonical Hamilton formalism since it
has been demonstrated that a standard Lagrangian, bi-
linear in the independent classical fields η and η∗ and
their time derivatives, is unlikely to exist. On the ba-
sis of the proposed classical Hamiltonian (2.3) and using
a standard variational procedure we have obtained the
main Eqs. (1.3) and (1.4) for massive Weyl spinors. We
also constructed the extended Lagrangian (2.6), which
includes the momenta and their derivatives as indepen-
dent variables (see Refs. [16, 18]). In frames of the ex-
tended Lagrange formalism we could reproduce the wave
equations (1.3) and (1.4).
Note that a consistent field theory treatment of mas-
sive Weyl fields faced certain difficulties since the first
attempt to quantize them has been made in Ref. [20]. As
we have mentioned in Sec. I, the direct application of the
Lagrange formalism for Dirac fields to the description of
a Majorana spinor ψη leads to the Lagrangian (1.8) for
a two component spinor η. The Lagrangian (1.8) has
a mass term vanishing when η is a c-number classical
field. To resolve this issue in Ref. [20] it was suggested
that η should be already expressed via anticommuting
operators. However, from the logical point of view, such
a treatment is just a re-expression of already quantized
objects in terms of new variables rather than a generic
quantization.
Another solution, how to save the mass term in
Eq. (1.8), has been suggested in Ref. [10]. In that work it
was proposed that a classical massive Weyl field must be
expressed via anticommuting g-numbers. Nevertheless,
if one claims that the g-numbers description is a unique
representation of a classical field, it is in contradiction
with the standard operator formulation of the quantiza-
tion procedure, in which a classical c-number field is re-
quired. The third solution of the puzzle of the mass term
in Eq. (1.8) was recently suggested in Ref. [12]. Criti-
cizing the g-numbers approach for the description of a
massive Weyl field, the authors of Ref. [12] introduced a
special 1/2-spin field, ELKO, which possesses Majorana
properties.
Presently the g-numbers description of classical
fermions in frames of the Lagrange formalism is com-
monly used. It is related to the path-integral formula-
tion of the quantum field theory where a classical action
is required. For example, the g-numbers treatment of
pseudoclassical massless Weyl fields was elaborated in
Ref. [21]. Nevertheless the attempts to develop a clas-
sical field theory description of fermion fields, based on
c-number variables, have been made previously. Besides
the aforementioned work by Ahluwalia et al. [12], one can
recall the studies of Barut & Zanghi [22] devoted to the
development of the classical field theory of an electron in
an external electromagnetic field.
Unlike Schechter & Valle [10], who suggested that the
g-numbers approach is the unique treatment of a classical
massive Weyl field, in the present work we have demon-
strated that the dynamics of such a field can be perfectly
described using c-number fields η and η∗. However for
this purpose we had to use the Hamilton or the extended
Lagrange formalisms. In Sec. II we have demonstrated
that these approaches are valid for for the description of
a classical massive Weyl field. The Lagrange formalism
in its standard formulation cannot be applied to study
the dynamics of this system.
It is known that the standard Lagrange and the Hamil-
ton formalisms for the treatment of classical particles are
almost equivalent: for the existing Lagrangian one can
always construct a Hamiltonian, but the opposite state-
ment is not true. The example of the real physical pro-
cess, the rays of light propagation in a medium, which can
be described only within the canonical formalism since
the Lagrangian for such a system is trivial, L = 0, is
given in Ref. [23]. Note that Hamiltonians analogous to
Eq. (2.3), resulting in the first order evolution equations,
were discussed in Ref. [24] for the studies of nonlinear
waves in frames of the Hamilton formalism.
Recently Dvornikov & Maalampi [25] used classical so-
lutions of Eq. (1.3) to phenomenologically describe Ma-
jorana neutrino oscillations in vacuum and in external
fields. Now the classical field theory approach for the
treatment of Weyl spinors is fully substantiated. Al-
though we do not doubt that our world is quantum, nu-
merous processes may be also described within the classi-
cal physics. Many interesting examples of such situations
are presented in Ref. [26].
The second important result obtained in the present
work is the new interpretation of the Majorana condi-
tion. Typically Eq. (1.1) is interpreted as the equality
of “particle” and “antiparticle” degrees of freedom. We
should notice that, from the point of view of the quantum
field theory, “particles” and “antiparticles” may be well
defined only after the quantization of a system. Thus
it would be reasonable to apply the Majorana condi-
tion (1.1) after the fields quantization rather than before
it as it was made in Ref. [8].
In Sec. I we have mentioned that the two component
spinor η corresponds to the left-handed chiral projec-
tion of the four component spinor. Thus, if we deal,
e.g., with neutrino fields, the spinor η can be regarded
as the“particle” degree of freedom. Using the same ar-
gumentation we can relate the spinor pi, which is pro-
portional to the right-handed chiral projection, to the
“antiparticle” degree of freedom. As we have shown in
Sec. II, the fields η and pi evolve independently on the
classical level. While quantizing the system in Sec. III,
we had to establish the connection between the degrees
of freedom corresponding to η and pi. It means that
Eqs. (3.5) and (3.10) may be regarded as quantum Majo-
rana conditions. Note that these conditions are applied
after the quantization of the system, as it should be.
As in Ref. [12], in the present work we have also used
6the conventional operator approach to quantize mas-
sive Weyl fields. However, contrary to Ref. [12], in our
method it was not necessary to introduce any exotic
fields, like ELKO. We have obtained the Lorentz invari-
ant wave equations (2.4) and (2.5) in frames of our ap-
proach and constructed classical and quantum dynam-
ics of these fields. It means that our treatment of mas-
sive Weyl fields implies Lorentz invariance unlike the ap-
proach involving ELKO spinors [12].
A remark on the weight coefficient in Eq. (3.1) should
be made. One notices that the function ρ(p) =√
1 + E/|p| becomes singular at |p| → 0. We should
however notice that ρ is a square-integrable function. In-
deed, for m 6= 0 we get
4pi
∫ ...
0
p2d|p| ρ2(p) <∞. (4.1)
Thus the Fourier transform in Eq. (3.1) is well defined.
We also mention that in solving of linear problems, e.g.,
related to oscillations of Majorana neutrinos, cf. Ref. [15],
one may choose a non-singular weight coefficient like in
the book by Fukugita & Yanagida [8].
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